Abstract. Let a = a 1 < · · · < a r be a sequence of positive integers, and let H a denote the semigroup generated by a 1 , . . . , a r . For an integer k ≥ 0 we denote by a + k the shifted sequence a 1 + k, . . . , a r + k. Fix a field K. We show that for all k ≫ 0 the tangent cone of the semigroup ring K[H a+k ] is Cohen-Macaulay and that it has the same Betti numbers as
Introduction
Let a = a 1 < · · · < a r be a sequence of positive integers. We denote by a 1 , . . . , a r (or simply by a ) the subsemigroup of N generated by a 1 , . . . , a r . In other words, a consists of all linear combinations of a 1 , . . . , a r with non-negative integers. If H = a 1 , . . . , a r we call a 1 , . . . , a r a system of generators of H. Throughout this paper any subsemigroup H ⊂ N with 0 ∈ H is called a numerical semigroup. Such a semigroup is finitely generated and admits a unique minimal system of generators whose cardinality we denote by µ(H). In the literature it is often required as part of the definition of a numerical semigroup that the greatest common divisor of its generators is one. In the context of this paper it is convenient to drop this requirement.
For any nonnegative integer k, we let a+k be the shifted sequence a 1 +k, . . . , a r +k. If H is minimally generated by a = a 1 , . . . , a r , we let H k = a + k . We refer to {H k } k∈N as the shifted family attached to H. Note that even if the a i 's generate H minimally, it may happen that for some shift k the sequence a + k is not a minimal generating set of H k . Hence in particular, (H k ) ℓ may be different from H k+ℓ . For example, for H = 3, 5, 7 we have H 1 = 4, 6, 8 = 4, 6 and (H 1 ) 1 = 5, 7 . However, H 2 = 5, 7, 9 . On the other hand, if H = a is minimally generated by a = a 1 < · · · < a r , then for all k > a r − 2a 1 , H k is minimally generated by the sequence a + k.
Let K be a field and S = K[x 1 , . . . , x r ] be the polynomial ring over K in the variables x 1 , . . . , x r . Let a = a 1 < · · · < a r be a sequence of positive integers, and ϕ : S → K[t] is the K-algebra homomorphism with ϕ(x i ) = t a i for i = 1, . . . , r, where K[t] is the polynomial ring over K in the variable t. If we let H = a 1 , . . . , a r , then the image of ϕ is the semigroup ring K[H], namely the K-subalgebra of K[t] generated by t a 1 , . . . , t ar over K. We denote the kernel of ϕ by I(a). In the case when a is a minimal system of generators of H, the ideal I(a) only depends on H and we set I H = I(a).
It is known from [10] that the minimal number of generators µ(I H ) of I H is at most 3 if r ≤ 3. On the other hand, even for r = 4, the number µ(I H ) may be arbitrarily large, see [2] . The more it is surprising that for any numerical semigroup H there exists an upper bound for the numbers µ(I H k ) independent of k, see [18] . This statement was conjectured by H. Srinivasan and the first author of this paper. It was first proved by P. Gimenez, I. Sengupta and H. Srinivasan in [8] for numerical semigroups generated by an arithmetic sequence. This conjecture and some stronger versions of it have recently been proved in full generality by T. Vu in [18] : H is the ideal of initial forms of polynomials in I H . In other words, I * H = (f * |f ∈ I H ), where for each nonzero f , we let f * denote the first nonzero homogeneous component of f . Even though for r = 3, as remarked above, µ(I H ) ≤ 3, the number of generators of I * H may be arbitrarily large. A family of such examples was first found by T. Shibuta, see [9] . In Shibuta's family of semigroups the width is unbounded, where by the width of a numerical semigroup H, denoted wd(H), we mean the difference between the largest and the smallest element in the minimal generating set of H. One of the results of this paper (see Corollary 1.6) is that there is a global upper bound for µ(I * H ) for all numerical semigroups with a given width. It turns out that this result is a simple consequence of Vu's Theorem 0.1 and our following theorem. Theorem 1.4. Let H be a numerical semigroup. Then there exists k 0 ∈ N such that for all k ≥ k 0 , the ideal I H k is minimally generated by a standard basis and such
The methods used to prove that there is a uniform upper bound for µ(I * H ) for all numerical semigroups with given width do not provide any explicit bound. However, there is some computational evidence that
serves as an upper bound, and indeed this may be a sharp upper bound since it is reached by numerical semigroups generated by integers of suitable intervals. In Section 2 we show that this conjectured upper bound is valid for any numerical semigroup H satisfying the inequality µ(I interval spanned by the smallest and the largest generator of H. In support of our conjecture we show in Proposition 2.10 that for a numerical semigroup H generated by an arithmetic sequence one even has β i (I * H ) ≤ β i (I * H ), for all i. In fact such inequalities may be true for any numerical semigroup. Our results on semigroups generated by an arithmetic sequence depend essentially on the description of the relations and of the Betti numbers of their semigroup ring as they are given by Gimenez, Sengupta and Srinivasan [8] .
In the final Section 3 we consider several examples of families of semigroups in support of our conjectures and describe for each member H of these classes the ideal I * H . The first family is based on a well-known result of J. Sally in [15] , where she describes the defining ideal of the tangent cone of a local Gorenstein ring satisfying r = e + d − 3. Here r is the embedding dimension, e is the multiplicity and d the dimension of the ring. We call a numerical semigroup a Sally semigroup if the data of its semigroup ring satisfy this equation. We show that Sally semigroups exist for any given multiplicity e ≥ 4. Another family that we consider is that due to H. Bresinsky [2] . It is the first known family of 4-generated numerical semigroups with the property that µ(I H ) may be arbitrarily large for members H belonging to this family. We show that the tangent cone of each Bresinsky semigroup ring is Cohen-Macaulay (see also F. Arslan [1] ) and that the given minimal set of generators of its defining ideal forms a standard basis.
The other two families considered in this section are families of 3-generated numerical semigroups whose members attain arbitrarily large width, yet their behavior with respect to µ(I * H ) is very different. For any a > 3, the ideal I * H attached to the semigroup H = a, a+1, 2a+3 is generated by ⌊ a−1 3
⌋+3 monomials. For this family the number of generators of I * H is a quasi-linear function of the width of H, which tends to infinity as wd(H) tends to infinity. For a = 3b we recover the example of T. Shibuta, treated with different methods in [9, Example 5.5] .
On the other hand, for any coprime integers a, b > 3, we have µ(I * H ) = 4 for all H = a, b, ab − a − b , though the width of the semigroups in this family may also be arbitrarily large.
Numerical semigroups of bounded width
For any nonzero polynomial f ∈ S = K[x 1 , . . . , x r ] we define its initial form f * as the homogenous component of f with the least degree and we let ν(f ) = deg f * , called the initial degree of f . For an ideal I ⊂ S the ideal I * = (f * |f ∈ I, f = 0) is called the initial ideal of I. Note that I * is a graded ideal of S. We denote by S the formal power series ring K[[x 1 , . . . , x r ]]. For a nonzero power series f , the homogeneous form f * and ν(f ) are defined similarly as for polynomials, and for an ideal I ⊂ S, we let, as before, I
* ⊂ S be the graded ideal generated by all f * with f ∈ I. Let I be an ideal in S or in S. Proof. Assume f 1 , . . . , f m ∈ I form a standard basis of I. Let 0 = f ∈ I S and set d = ν(f ). We may write f = m i=1 g i f i with g i ∈ S, for i = 1, . . . , m. Since for the initial part of f only the terms of small degree matter, we have that
where h i is the polynomial in S obtained as the sum of the components of g i of degree at most d. As the polynomials f 1 , . . . , f m ∈ I form a standard basis of I, we get that f * ∈ (f * 1 , . . . , f * m ). The other implication is straightforward. Proof. After passing from S/I to the n-adic completion S/I S we may apply [11, Theorem 1] and Lemma 1.1. This proves (a) and (b). Statement (c) follows from (b) and [11, Lemma, p. 185] .
Let H = a 1 , . . . , a r be a numerical semigroup minimally generated by a 1 , . . . , a r . The proof of Theorem 1.4 depends heavily on the following result. 
Proof. Let H be minimally generated by a 1 , . . . , a r . We choose k 0 as in Theorem 1.3 and larger than a r − 2a 1 , so that H k is minimally generated by a + k for all k ≥ k 0 , and claim that the minimal set of generators of I H k as described in Theorem 1.3 forms a standard basis.
Assume that I H k is minimally generated by the homogeneous polynomials f 1 , . . . , f t and the polynomials g 1 , . . . , g s where each g i is of the form (2) . With the notation as in Lemma 1.2, we have thatĪ H k = (f 1 , . . . ,f t ,ḡ 1 , . . . ,ḡ s ) and allf i andḡ j are homogeneous polynomials, hence they form a standard basis ofĪ H k .
Since ν(f i ) = ν(f i ) and ν(g j ) = ν(ḡ j ) for all i, j, and since x 1 is a regular element on K[[H k ]] = S/I H k S, we may apply Lemma 1.2 and conclude that f 1 , . . . , f t , g 1 , . . . , g s is a standard basis of I H k .
From Lemma 1.2 we also have that x 1 is a form of degree 1 which is a regular element on gr n (S/I H k ) = S/I * H k . We have the following chain of equalities
The first equality holds because x 1 is a nonzero divisor on K[H k ], the second equality holds becauseĪ H k is a homogeneous ideal, the third because of Lemma 1.2. Next, equation four holds because x 1 is a nonzero divisor on gr n (S/I H k ) (again, by Lemma 1.2), and finally the last equation is valid by the definition of I * H k . This completes the proof of the theorem.
As a nice application of Theorem 1.4 one obtains the result that in the shifted family of a numerical semigroup certain homological properties occur for all large shifts simultaneously for the semigroup ring and its tangent cone. We define the width of a numerical semigroup H as the difference between the largest and the smallest generator in a minimal set of generators of H, and denote this number by wd(H). Notice that any semigroup H k in the shifted family of H has wd(H k ) ≤ wd(H), with equality for k ≫ 0.
As an immediate consequence of our Theorem 1.4 and of Theorem 0.1 we obtain Corollary 1.6. Let w ≥ 2 and let H w be the set of all numerical semigroups H with wd(H) ≤ w. Then for any integer i ≥ 0 there exists an integer b such that
Proof. Let A be the set of all strictly increasing sequences of integers a with first term 0 and last term at most w. Given a numerical semigroup H with wd(H) ≤ w, there exists a unique a ∈ A and a unique integer k such that H = a + k .
Therefore, given i, it suffices to show that there exists b such that
Since A is finite, we only need to show (3) for any fixed a ∈ A and all k. Now fix a ∈ A. By Theorem 1.4, there exists an integer k 0 such that for all
To conclude the proof, we use Theorem 0.1 from which it follows that there exists an integer k 1 ≥ k 0 and an integer b 1 such that
Expected bounds for µ(I *
H ) It would be nice to have an explicit value for the bound b in Corollary 1.6 in terms of the width of the semigroup. Computer calculations with CoCoA [3] and SINGULAR [6] suggest us to formulate the following conjecture.
. If µ(H) ≥ 2, then equality holds if and only if there exist integers w, k ≥ 1 such that
Observe that this conjecture implies in particular that µ(I H ) ≤ wd(H)+1 2
. We verified Conjecture 2.1 for all numerical semigroups whose width is at most 5. We did this as follows: for a fixed width w ≤ 5 we considered all sequences of strictly increasing integers a = a 1 < · · · < a r with a 1 = 0 and a r = w. For such a sequence we computed the values of µ(I(a + k) * ) when we let k vary. According to Vu's Theorem 0.1 and our Theorem 1.4, there exists an integer k a such that for all k ≥ k a the values of µ(I(a + k) * ) become periodic with period w. For each of our sequences a we have identified the value of k a and by inspection of µ(I(a + k) * ) for k < k a + w we verified Conjecture 2.1.
Numerical experiments allow us to formulate an even stronger claim. Before we state it, let us give a couple of definitions.
Let H be a numerical semigroup minimally generated by a 1 < · · · < a r . We let H = a 1 , a 1 + 1, a 1 + 2, . . . , a r be the semigroup generated by all integers in the interval [a 1 , a r ]. We call H the interval completion of H. 
As a consequence we obtain If wd(H) > a 1 − 1, we have µ(H) = µ( H) if and only if r = a 1 , equivalently H = r, . . . , 2r − 1 . For any fixed r there are usually several numerical semigroups H minimally generated by a 1 = r < a 2 < · · · < a r and such that H = r, . . . , 2r −1 . A necessary condition for that to happen is that a i ≡ a j mod r for all 1 ≤ i < j ≤ r.
We can now state
).
In the following we explain why a positive answer to Conjecture 2.4 will give a positive answer to the first part of Conjecture 2.1. Indeed, if Conjecture 2.4 holds, we may apply Proposition 2.8 together with Lemma 2.2, and consequently we obtain
Hence the inequality in Conjecture 2.1 is valid, too.
Next we will show that Conjecture 2.4 holds true for a numerical semigroup which is generated by an arithmetic sequence. Actually, we will show in Proposition 2.10 that in this case one even has
Recall that a sequence of integers a 1 , a 2 , . . . , a r with r ≥ 2 is called an arithmetic sequence if there exists a positive integer d such that a i −a i−1 = d for all i = 2, . . . , r. The class of numerical semigroups H generated by arithmetic sequences has received much attention due to the extra structure. A minimal system of generators for the ideal I H was presented by D.P. Patil in [13] . Recently, L. Sharifan and R. ZaareNahandi have obtained explicit formulas for the graded Betti numbers of gr m K[H], see [16, Theorem 4.1] . Independently, P. Gimenez, I. Sengupta and H. Srinivasan found the minimal free resolution and a formula for the Betti numbers of K[H], see [8] . By inspecting the two sets of formulas, it was noted in [17] 
By the work of L. Sharifan and R. Zaare-Nahandi in [17] , one can show with minor changes to our proofs that all the results from the rest of this section are also valid for semigroups H generated by generalized arithmetic sequences. For simplicity, in what follows we only consider arithmetic sequences.
We first present our alternative proof of the following proposition due to L. Sharifan and R. Zaare-Nahandi. by gcd(a 1 , d) and we obtain an arithmetic sequence b with the desired property. The semigroups a and b are isomorphic and so are their associated semigroup rings.
We describe the minimal system of generators of the ideal I H following the presentation in [8] .
Let a and b be the unique positive integers such that a 1 = a(r − 1) + b with 1 ≤ b ≤ r − 1. Consider the following matrices of variables:
Let ∆ i be the maximal minor of B involving the first and the (i + 1)st column for i = 1, . . . , r − b,
It is known from [13] and [7, Theorem 1.1] that I H is minimally generated by the ξ ij 's and the ∆ i 's:
We claim that these generators also form a standard basis of I H . Let S = K[x 1 , . . . , x r ] and consider the substitution homomorphism π defined on S by π(x 1 ) = 0 and π(x i ) = x i for i > 1, as in Lemma 1.2. Note that the ideal π(I H ) is homogeneous and its generators coming from (4) can be lifted via π to polynomials in I H with the same initial degree. Therefore, applying Lemma 1.2 we conclude that the generators of I H given in (4) form a standard basis.
We also have that x 1 is a regular element on gr m K[H] and arguing as in the proof of Theorem 1.4 we conclude that β i (I * H ) = β i (I H ) for all i. We recall here the formula given in [8] Let H be a numerical semigroup generated minimally by the arithmetic sequence a 1 < · · · < a r with gcd(a 1 , a 2 ) = 1. Let b the unique integer such that a 1 ≡ b mod(r− 1) and 1 ≤ b ≤ r − 1. Then
Note that from the Auslander-Buchsbaum Theorem it follows that proj dim
It is surprising that according to (5) , the Betti numbers of a semigroup ring K[H] associated to an arithmetic sequence a 1 < · · · < a r do not depend on d = a 2 −a 1 , but only on the number of minimal generators r = µ(H) and the residue a 1 mod(r − 1).
By using Theorem 2.6 we obtain the following result which will be crucial for our further consideration. Proposition 2.7. Let H be a numerical semigroup minimally generated by the arithmetic sequence a 1 < · · · < a r . Then
Moreover, if we let e = gcd(a 1 , a 2 ), the following statements are equivalent:
for some i with
for all i with 1 ≤ i ≤ r − 1, (iii) a 1 ≡ e mod e(r − 1).
Proof. We first consider the case e = 1. Let b the unique integer such that a 1 ≡ b mod(r − 1) and 1 ≤ b ≤ r − 1. The first inequality in (6) is trivial, as the second summand in the Betti-formula (5) , we may rewrite (5) as follows:
By our choice of b we have that b − 1 ≥ 0 and r − b > 0. This leads immediately to the inequality
If for some i with 1 ≤ i ≤ r − 1 one has that
, then b = 1. Therefore, the second case in the Betti-formula (7) does not apply and
for all i > 0. If e > 1, then we let H ′ be the semigroup obtained from H by dividing all generators of H by e. Since
) for all i, the inequalities (6) follow from the case e = 1. Moreover, the desired equivalences follow from the first part of this proof and the observation that a 1 ≡ e mod e(r − 1) if and only if b 1 ≡ 1 mod(r − 1), where we let b 1 = a 1 /e.
Our next result shows that a more general form of Conjecture 2.1 is true for semigroups generated by an arithmetic sequence.
Proposition 2.8. Let H be a numerical semigroup generated by an arithmetic sequence. Then
Equality holds for some i with 1 ≤ i < µ(H) if and only if there exist integers w, k ≥ 1 such that H = kw + 1, kw + 2, . . . , (k + 1)w + 1 with w, k ≥ 1.
In this case (8) becomes an equality for all i with 1 ≤ i < µ(H).
Proof. Let a = a 1 < a 2 < · · · < a r be the arithmetic sequence that minimally generates H. By using Proposition 2.5 and Proposition 2.7 it follows that
The second inequality becomes equality (independently of i) if and only if a 2 −a 1 = 1. Thus, by using Proposition 2.7 it follows that
if and only if a 1 ≡ 1 mod(r − 1).
If we let w = wd(H), then there exists a positive integer k with a 1 = kw + 1. Hence a r = a 1 + (r − 1)d = kw + 1 + w. This completes the proof.
The following statement shows that the Betti numbers of semigroup rings associated to arithmetic sequences increase with the number of terms in the sequence.
Proposition 2.9. Let H and H
′ be numerical semigroups generated by arithmetic sequences such that µ(H) < µ(H ′ ). Then
Proof. By using Proposition 2.7 we have that
This implies the desired conclusion.
The final result in this section shows that a stronger version of Conjecture 2.4 is valid for semigroups generated by an arithmetic sequence. This stronger version may be even true for any numerical semigroup. Proof. By Proposition 2.5 it suffices to show that
These inequalities are an immediate consequence of Lemma 2.3 and Proposition 2.9.
Any of these inequalities turn into an equality if and only if µ(H) = µ( H). This is obviously true when H is (minimally) generated by some consecutive numbers, i.e. 
Examples
In this section we study the defining ideals of the tangent cone of semigroup rings for several families of numerical semigroups and compare their number of generators with our conjectured upper bound in Conjecture 2.1. The first two families are due to J. Sally [15] and H. Bresinsky [2] . The last two families are families of three generated semigroups, one of which has been considered by T. Shibuta in [9] .
3.1. Sally semigroups. In [15] Judith Sally considered Gorenstein local rings whose multiplicity is small compared to the embedding dimension of the ring and gave explicitly a minimal set of generators of the defining ideal of the tangent cone.
To be precise, let (R, m) be a Gorenstein local ring of dimension d, embedding dimension r and multiplicity e > 4 such that r = e + d − 3. Her Theorem 3 says the following: assume further that R/m is infinite and that R has a presentation, R = S/I, where S is a regular local ring of dimension e + d − 3. Then
where I * is minimally generated by the e−2 2 monomials yz 1 , . . . , yz e−4 , z i z j , 1 ≤ i ≤ j ≤ e − 4, and y 4 .
There are plenty of numerical semigroups whose complete semigroup ring is a Gorenstein ring with r = e + d − 3 = e − 2. A numerical semigroup with this property will be called a Sally semigroup.
It would be interesting to find all Sally semigroups. For any given e ≥ 4 we give an example of a Sally semigroup S e of multiplicity e. Let S e = i : e ≤ i ≤ 2e − 1, i = e + 2, e + 3 .
Obviously, µ(S e ) = e − 2. Moreover, S e is symmetric because its Frobenius number is equal to 2e + 3 and S e = {0, e, e + 1, e + 4, . . . , 2e + 2, 2e + 4, 2e + 5, . . .}.
Hence, by a theorem of Kunz [12] , it follows that K[[S e ]] is Gorenstein.
By the above mentioned theorem of Sally we have µ(I *
. Our conjectured upper bound in this particular case is e 2 . More generally, if H is any Sally semigroup of multiplicity e, then it verifies Conjecture 2.1:
Bresinsky semigroups.
In 1975 H. Bresinsky [2] introduced the following family of 4-generated numerical semigroups. Given an integer h ≥ 2 we let
We claim that µ(I * B h ) = µ(I B h ) = 4h and that gr m K[B h ] is Cohen-Macaulay.
Fix h ≥ 2 and let I = I B h ⊂ K[x, y, z, t] be the relation ideal of K[B h ]. We will give a minimal standard basis of I with 4h elements. It is proved in [2, Lemma 3] 
, where
and
The set A 2 is infinite, so we consider a finite subset, namely
We claim that A 2 and A 3 generate the same ideal in
We show that f ∈ (A 3 ). Indeed, write µ 2 = 2h · α + β, with α, β integers and 0 ≤ β < 2h. We may rewrite
. We may assume g = 0. If ν 1 ≤ (2h + 1)α, since I is a prime binomial ideal, we should also have 0 = z ν 3 − x α ′ y β t µ 4 ∈ I for some nonnegative integer α ′ . This is not possible because ν 3 < 2h − 1 and by [2, Lemma 1], we must have ν 3 ≥ 2h − 1. Therefore ν 1 > (2h + 1)α and we may write g = x (2h+1)α (x γ z ν 3 − y β t µ 4 ) with γ a nonnegative integer. It follows that g ∈ (A 3 ), as desired.
As a consequence of the above I = (A 1 , g 1 , g 2 , A 3 ). Next we will find explicitly the polynomials in
Reducing this equation modulo 2h, we see that 2h divides µ 2 + µ 4 . Since µ 4 < 2h−1 and µ 2 ≤ 2h, we obtain that µ 2 + µ 4 = 2h. By using this fact and dividing both sides of the above equation by 2h we get
It follows that ν 3 ≡ µ 4 mod(2h − 1). Since ν 3 , µ 4 < 2h − 1, we obtain that ν 3 = µ 4 . This implies that ν 1 + ν 3 = 2h + 1. Thus,
Note that f 2h +u 0 = z 2h−1 −y 2h = g 1 . We claim that the following set of 4h elements
is a minimal generating set and a minimal standard basis of I. Indeed, with notation as in Lemma 1.2, we observe that Before considering families of 3-generated semigroups, we first recall how one determines the relation ideal of such semigroups. Let H = n 1 , n 2 , n 3 , where n 1 < n 2 < n 3 are the minimal generators. According to the original paper [10] , the defining ideal I H of the semigroup algebra K[H] ∼ = K[x, y, z]/I H is generated by 2 or 3 elements which can be easily found from n 1 , n 2 , n 3 . For each n i , i = 1, . . . , 3 one takes the least positive multiple c i n i that lies in the semigroup generated by the other two generators, and obtains    c 1 n 1 = r 12 n 2 + r 13 n 3 , c 2 n 2 = r 21 n 1 + r 23 n 3 , c 3 n 3 = r 31 n 1 + r 32 n 2 .
Given this data, the ideal I is generated by
Note that some r ij may be zero. In this situation two of the above polynomials are the same up to a sign and the other coefficients r st are not necessarily unique. If all r ij > 0, then all coefficients are unique and ⌋ + 3. In this family µ(I * Ha ) is a quasi-linear function of a while our conjectured upper bound is a polynomial of degree 2 in a.
We indicate a proof of this claim. To simplify notation, we set H = H a . We will describe a minimal standard basis of I H . The result and the proof depend on a mod 3.
Let a = 3k + 1, with k > 1. Then H = 3k + 1, 3k + 2, 6k + 5 . Any two of its generators are coprime, hence by [10] , K[H] is not a complete intersection, and so all r ij 's in (9) are positive and unique. First we prove that I H = (f 0 , g, p), where
Clearly f 0 , g, p ∈ I H . Therefore c 2 ≤ 3. With notation as in (9), if c 2 = 2, then the equation 2(3k + 2) = α(3k + 1) + β(6k + 5) must have a solution with positive α and β, which is impossible. Therefore, c 2 = 3 and r 21 = r 23 = 1. We reduce modulo 3k + 1 the equation
and we obtain 3c 3 ≡ r 32 mod(3k + 1), where c 3 ≤ k + 1. From (11) we derive that 0 < r 32 < 3. Hence the only possibility is to have c 3 = k +1 and r 32 = 2, r 31 = 2k + 1. It follows by (11) and (10) that I H = (f 0 , g, p) .
Next we build a minimal standard basis of I H . We recursively define a family of polynomials in I H by the rule:
One checks by induction on i that
We show that B = {g, p, f 0 , f 1 , . . . , f k } is a standard basis of I H . In order to prove this, we will use the homogenization technique described in [4, §15.10.3] . Namely, starting with the generating set B for I H we consider the ideal J in K[s, x, y, z] generated by the homogenizations q h of the elements q ∈ B. Next we find a Gröbner basis G of J with respect to the lexicographic order induced by s > x > y > z. Then we dehomogenize the elements in G and their initial forms will generate (not necessarily in a minimal way) the ideal I *
We claim that We apply the algorithm described before and after we dehomogenize the elements in G we see that
z is already in the ideal generated by the other initial forms.)
For the other two cases a ≡ 0, 2 mod 3 there is a similar discussion. If a = 3k + 2 with k > 1, then H = 3k + 2, 3k + 3, 6k + 7 , and I H = (f 0 , g, p), where
We introduce recursively
. . , f k } is a minimal standard basis of I H and
To see this, we homogenize the polynomials in C, and check that together with f k+1 = xzf k − y 3k+2 g they form a Gröbner basis with respect to the lexicographic order induced by s > x > y > z for the ideal they generate.
The last case to consider is when a = 3k, with k ≥ 2. Then H = 3k, 3k+1, 3k+3 . This case is Shibuta's case in [9, Example 5.5] , where it was treated with tools different from the ones presented here. For completeness we state here the relevant details. The semigroup ring K[H] is a complete intersection and I H = (f 0 , g), where
To show this, the same technique as before works here. We homogenize the elements in D, and together with the polynomial f k+1 = xzf k − y 3k g, these k + 3 polynomials form a Gröbner basis for the ideal they generate. After dehomogenization we may discard f k+1 from the standard basis since it has no contribution to I * H . In all cases µ(I * Ha ) = ⌊ This result is in so far remarkable and untypical compared with the previous examples as the width of H a,b may be as large as we wish, while µ(I * H a,b
) is always equal to 4.
In order to prove the claim we may assume without loss of generality a < b. To simplify notation, we let H = H a,b . It is well known that ab − a − b is the Frobenius number of the semigroup a, b . This means that ab − a − b / ∈ a, b and that if s is an integer such that s > ab−a−b, then s ∈ H, see [14] . Therefore a < b < ab−a−b minimally generate H. Clearly f 1 , f 2 , f 3 ∈ I H . We claim that these f i 's correspond to the minimal generators described in (10) . Indeed, as any two minimal generators of H are coprime, it follows that K[H] is not a complete intersection (see [10] ). Hence all the r ij 's in By using the additivity of the Hilbert series on exact sequences we get that A consequence of (12) 
